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The Detection of Signals in Gaussian Noisex*

In this Chapter we attempt a severely limited but rather careful treatment
of what might be now called the classical theory of detection of signals in Gausian
noise. It is assumed that the reader has already some acquaintance with the
statistical point of view in detection theory and even with the specific problem
of detecting a signal in Gaussian noise (at about the level that would be attained
from a reading of Chapter 14 of [1]). Thus, the first part of the development
will be covered quickly, to serve chiefly as a review and an introduction of no-

tation.

From the point of view of mathematical statistics, problems in detection
theory are problems of statistical inference. The kinds of statistical inference
problems we choose to be concerned with here are those of hypothesis testing
and parameter estimation. For example, the choice of one signal from a finite
alphabet of possible signals in a digital data-link transmission is a choice of one
hypothesis among several; the measurement of radar range, or of the relative
strength of one of various paths in a multipath radio transmission, is the esti-
mation of a parameter. We shall arbitrarily restrict the class of decision rules
to certain ones based directly on likelihood ratios, with or without the introduc-
tion of loss functions and a priori probabilities. These decision rules can in
many instances be justified by the usual statistical criteria, e.g., as being
admissible, or as being Bayes solutions for given assignments of loss and a
priori probability, but we shall not enter into any discussion of these matters
here (for general statistical orientation see, e.g., Chap. 1 of [2] and [3]). For
it 3

the situaiions to be considered it is felt the likelihood procedure almost can be

VaaT aadaT L2200

justified intuitively.

One kind of mathematics encountered in these problems of statistical in-
ference on Gaussian stochastic processes is standard L, -space theory (Hilbert

space theory), partly because Gaussian random variables are determined by their

*This report will appear as a chapter in a forthcoming book to be edited by A.V,
Balakrishnan.




first two moments, and partly because we require that signals have finite

energy for finite time periods. It is intended that the development to follow be
precise and fairly complete as far as the L, parts of the theory are concerned.
Another kind of mathematics encountered is more purely measure theoretic, in-
volving, e.g., Radon-Nikodym derivatives and martingales (see [4] for definitions
and properties). There will be little discussion of these measure-theoretic
aspects, and the reader will not be hampered very much if he lacks knowledge of

such things.
The basic equation for each type of problem to be considered here is
w(t) = s(t;a) + n(t), Ty St 1, (1)

where w(t) represents the received waveform, i.e., the raw signal into the

receiver or processer; s(t;a) represents the intelligence-bearing signal; n(t)

represents the added noise, and o is a parameter or index. If for each value

of the parameter or index o, s(t;a) is a known function of t, we call it a sure

signal; if for each value of o, s(t;a) is a stochastic process with known (or

partially known) statistics, we call it a stochastic signal. We shall consider

only sure-signal-in-noise problems in which the added noise is Gaussian, and
stochastic-signal-in-noise problems in which both the signal and the added
noise are Gaussian--and in fact jointly Gaussian--,with considerably more

emphasis on the former.

Likelihood Tests for Sure Signals in Noise

In Eq. (1) s(t;a) is assumed to be a known real-valued continuous function

of t€ [r,, 1] for each o« in some, as yet unspecified, parameter set A, and

c+

n(t) to be a real-valued Gaussian random process with continuous au
tion function on [1;, v, ], and with mean value identically zero. It is further
assumed n(t) is separable and measurable ([4], Chap. 2). We denote the auto-

correlation function of n(t) by

R(t, s} = En(t) n(s) . (2)



The integral operator, R, on L,[+;, T2 ]* which is defined by
T2

[Rx](t) = S‘ R(t, u) x(u) du , TSt

T1

1A

T2 (3)

for any x € L,[,, ;2] is a self-adjoint, positive-definite, Hilbert-Schmidt
operator [5]. Thus it has real eigenvalues )\n 2 0 and associated eigenfunctions

qsn(t) (which can be chosen to be real-valued) satisfying

T2
[Re_I(t) = S\R(t, s)¢ _(shds =X ¢ (1), TSty .

T

Associated with each )\n there are at most a finite number of linearly independ-
ent qsn(t); the ¢n(t) can be chosen to be real and to form an orthonormal set. and
the xn are either finite in number or have a limit point at zero. We shall
assume further that R is strictly positive definite, i.e., that Rx = 0 implies

x = 0 in L;[7y, 72]. Some further comment is made in the Appendix about this
point, Then the set of eigenfunctions ¢n(t) associated with non-zero eigenvalues
)\n can be taken to be a complete orthonormal set. This assumption of strict
definiteness holds, for example, if n(t), 1 =t < T1,, is a section of a stationary
process formed by passing white noise through a realizable, time-invariant
filter (i.e., if it is a process of moving averages formed with a kernel which
vanishes on a half-line). In any event removal of this condition complicates

the following material only superficially.

One way to treat a maximum-likelihood statistical inference problem
based on Eq. 1 when s(t;a) is a sure signal is tc expand the Gaussian noise
process on the interval [t,, 7, ] in a Fourier series with respect to the {c;)n(t)}
(the Karhunen-Loéve expansion), which effectively diagonalizes the problem.
Then one can easily write probability densities and likelihood ratics for the
first N random coefficients in the expansicn and pass to the limit. This tech-

nique is due to Grenander [6), for a heuristic account of the details in problems
*We use the notation L,{a, b] to denote the L, space with respect to Lebesgue
measure on the interval [a, b].




such as we are considering, see [1], Chapter 14. We shall state results here
in terms of the Karhumen-Loéve expansion, although there are other elegant
formulations, such as for example the one in terms of reproducing-kernel

Hilbert spaces [7].

Let Wk be the random Fourier coefficient of the received wave-form

with respect to ¢k(t),

T2
Wy = §W(t) ¢k(t) dt . (4)

T1

The w, exist with probability one for any value of o since (see [4], Theorem

k
2.7)
T2 T2 T2
SEIw(t) %, (1) | dt =< yls(t;aa E |¢k(t) | at + gEln(t)I- |¢k(t)|dt
Ti T T1
T2 1 T2
2
< <§ |s(t;a) ]"dt> +§En2(t) . |¢k(t) |dt
Tl Tl

1

T2 T2 1
2
<‘§ IS(t;a)lzdt>Z + <§Rz(t, t)dt> <.
Ty T1

Also the w,_ are jointly Gaussian and independent for each value of « ([1], Chap.

IA

14). Let sk(oz) be the k'th Fourier coefficient of the signal with respect to the

{g (0}, T2
sy la) = S‘S(t;amk(t) dt (5)

T1

and define functions of w, which we shall call the test functionals or test

statistics, by 00

w, s, (a,)
Hwiaeg) = Z EE e €A . (6)
K

If for eachao € A



® 52 (a)
53

the series defining f(w;a¢) converges with probability one and also in mean
square with respect to the (Gaussian) probability measures determined by

each o € A. In fact

. [ wnsn(ao)J _ Sn(a’)Sn(a'o)
a

A X (8)
n n
w s (ap) s? (o)
n n _'n
vara[ ! ] . (9)
n n

so that by condition (7) and the Schwartz inequality the sum of the mean values
of the terms on the right side of Eq. (6) converge, as do their variances.
This immediately implies convergence in mean square, and by a standard

theorem ([4], Theorem 2.3) implies convergence with probability one. Also

one has w
Z Sn(oz)sn(ao)
flw- = s n
Ea (w; ) )‘n (10)
and % S"h(a/o)
var f(w;aq) = Z . (11)
@ )\n

It is not surprising, of course, that the variance of f(w;a¢) is not a function of
a, since changing o changes only the mean value of w(t). Since the f(w;a¢) are
mean-square convergent sums of mutually independent Gaussian variables,
they themselves are Gaussian for any aog € A, and for any one of the under-

lying Gaussian probability measures, corresponding to any o € A.

The significance of the test functionals f(w;a¢) lies in their use in maxi-
mum-likelihood inference procedures. In particular, if the series in (7) con-
verges for a = ap and o = @; the logarithm of the likelihood ratio (i.e., the

Radon-Nikodym derivative of the probability measure corresponding to the



parameter value a¢ with respect to the measure corresponding to «a,;) exists

and is given by

p(wy, ..., WN;a'o)
log 2 (w;a, ap) = lim lo
g ° Ne o € plwi, ..., W)
= f(w;ay) - f(w;ag) + Clay ., o) (12)
where p(wy, ..., WN;a) is the joint Gaussian probability density for (w,, ...,wN)

on the hypothesis o, and C(ag, ;) depends on s(t;ae) and s(t;a;) but not on w(t).
Thus, maximum-likelihood hypotheses tests and parameter estimations will
involve comparison of the values of f(w;a) for different values of o, or maximi-

zation of f(w;a) for o € A.

If we put N W, Sk(a'o)
f (w;ap) = Z —— , ap €A, (13)
N N
k
and denote the likelihood ratio for the first N observables, w;, ..., W by

ZN(w;oz, @p) , then it is an easy calculation (see [1], Chapter 14) to show that

plwy, ..., WN;ozo)

p(wy,..., WN;al)

log ZN(W, a, ag) = log

(14)
= fN(W;Q’l) - fN(W;ao) + CN(Q’I: ao)

where CN(Q‘l,QQ) depends on s(t;ap) and s(t;a;) but not on w(t). The fact that
the fN‘s converge with probability one we have already shown; the fact that the
right side of Eq. (14) converges with probabhility one to the Radon-Nikodym
derivative, to give Eq. (12), involves martingale theory and will not be proved
here, see [6]. But it is worth noting that, even without the proof of Eq. (12),
we have established that the f(w;e) are limits of test functionals yielding
maximum-likelihood tests for any finite number of the observable Wy -
The test statistic or test functional f(w;a) can be thought of, of course,

as the output of a linear device with input w(t) = s(t;a2) + n(t). One conventional



way of defining the output signal-to-noise ratio of a device is as the ratio of the
square of the mean of the output to its variance; in the present case, denoting

this signal-to-noise ratio by Bz, we have from Eqs. (10) and (11)

[Ea f(w;a) J? & Sf{(af)

2 - -
pla) = var f(w;a) Z A
o k

(1%)

Thus, the condition imposed in Eq. (7) is that the signal-to-noise ratio be
finite for each signal s(t;e). The parameter Bz(a) together with a threshhold
value, to be denoted by m, completely determine the probabilities of error for
testing the hypothesis, H;, that a signal s(t;e,) is present against the hypoth-

esis, H,, that no signal is present, i.e., s(t;ey) = 0. In fact, in this situation,

sk(ao) =0, k =1,2,..., and the likelihood test reduces to comparing
fwiay) = ) ———
=~ k

with a threshhold n. For convenience, let us suppress the parameter «;, since
it is the only parameter appearing. Since f(w) is a Gaussian random variable

on either hypothesis, and since

0 SZ
Ef(w) =0,  Ef(w) = Z X
M

var, f(w) = var;f{w) = {32 s

one has for the error probabilities

e, 2 Prob{announce H, |H, is true}

Prob{f(w) > n[Ho}

© 2
N];_ ge w4, (16)
n/p




e 2 Prob{announce HOIHI is true}

Prob{f(w) <n|H,}
) n/g -3
2
-u®/f2
N e du . (17)
=00

Now, for any fixed value of n, e,, which is the false alarm probability,
approaches the value 3 as p2—w, and e,, which is the probability of miss,
approaches the value zero as p?~w. The fact that eo—*—; is an accident of
normalization (the variance of f{w) has not been normalized). However, either
by appropriately normalizing f(w) or changing the threshhold as B changes, we
see that tests can be devised such that both error probabilities go to zero as
B~ w. For example, this is accomplished if one takes n = n(p) = c(33/2, where

¢ is any constant.

The parameter p? plays exactly the same role for a detection problem in
which the noise has an arbitrary colored spectrum as does the signal-energy-
to-noise-power-per-cycle ratio for a detection problem in which the noise is
white. By a heuristic argument which is rather obvious, the white noise case
can be viewed as an ideal limiting situation in which the A\, are all equal, and
in fact are equal to the noise power per cycle. (To see this, simply substitute
Nod(t) for the autocorrelation function in Eq. (3), where Ng is noise power per
cycle.) A rigorous treatment of white noise is not possible within the mathe-
matical structure used here, but it is possible with the use of generalized
functions (distributions) and generalized random variables, and leads to the

csame answers as are obtained purely formally.
A

Singularity and Non-Singularity of Tests

The condition (7) satisfied for @ € A not only guarantees the existence of
the test functional f(w;a), it also guarantees that the test for the signal s(t;e)

against the zero signal is non-singular. For the test to be non-singular

means that, except for a set of sample functions w(t) of probability zero



(on either hypothesis) one cannot tell with probability one after observing w(t)
whether the signal s(t;o) was present, or whether there was zero signal.
More succinctly, non-singularity means that the test can never be accomplished

with zero error probability. The converse is also true, if the condition (7) is
st(a)
not satisfied, ¥ f;\ _ = + o, it is possible in principle to tell with probability
k
one after cbserving w(t) (except for a set of w(t) of probability zero on either

hypothesis)whether the signal s(t;a) was or was not present. In the first
instance, one says that the two Gaussian measures on the space of sample
functions, corresponding to the two different hypotheses, are equivalent; in

the second instance, one says they are totally singular*,

We shall not prove the first assertion, affirming non-singularity (see
reference in previous footnote) although there is a strong indication of it in the
fact that the error probabilities, e and e;, which were calculated above, are
not zero. The converse statement is of some academic interest and it is easy
to prove, so a proof of it will be sketched. Basically, what has to be shown to
prove total singularity is that one can describe two measurable sets Ap and A,

of sample functions w(t) such that

1 Ao NA; = ¢ (the null set)

and .
2) Pe(Ag) =1, Py(A;) =1

where Py and P; denote probabilities with respect to the hypotheses
Ho(s(t, ap) = 0) and H,(s(t, «;)). Then it will follow immediately that
Po(A;) = 0 and P,{Ag) = 0, since Ay is contained in the complement of A;, and
vice versa. Hence, if one takes the partition of the sample space given by Ay

and AOC (the complement of Ap) as defining the statistical test: choose Hp if the

*For mathematical definitions of equivalence and singularity of measures
see [8]. It is rather generally true that two Gaussian measures on spaces
of functions are either equivalent or totally singular--the partially singular
case in which a set of observations of probability neither zero nor one yield
a sure inference while the complementary set of observations does not, does
not occur. The theorem is due to Hajek [9] and Feldman [10]. For a dis-
cussion of this matter, see [il] and [12].



observed sample function falls in Ay, choose H, if it falls in A;, one can

make a correct decision with probability one. In fact
Po(Ap) =1, Po(Ag) =0
Pi(Ag) =1, Py(Aq) = 0.
This partition need not be the only one yielding a singular test.
For convenience, put sk(al) = 8 - We have sk(ao) = 0 for all k. Now set

N w s

Z nn

i fN (W;aq) ) )\n
’N N sZ 2 N sZ
—_ )3 _
Gy @)
n n

ZN is a Gaussian random variable under either hypothesis, and

N S2 1
E = O E = Z _n -3
OZN 2 1 ZN xn

vary ZN = var z
n
1 N s;
1 im - = 4 - + - 0.
By hypothesis, Ner oo > . ©. Hence E, ZN 0, Var z An

application of the Chebychev inequality will now show that for arbitrary
¢ - > 0, and for arbitrarily large M > 0, Pl{ .ZN‘ > M} >1-¢ and

Pg{ !ZN! < e} > 1 - e for sufficiently large N. Thatis =z - in probability

under hypothesis H,, and zq 0 in probability under hypothesis Ho. Then

there is a subsequence {z

N of the sequence {ZN} whicih converges to +w with
probability one (P,) and to zero with probability one (Pg). Now let Ag be the
set of sample functions w(t) for which Zgt ZN"(W) converges to zero, and let

A, be the set for which Z’\I‘(W) convergesto +w. These sets satisfy all the
A

conditions for the sets Ag and A, required above. All that has been done,

10



really, is to formalize the limit situation indicated by the error probability

calculations.

The above observations may be extended trivially to cover the case of
two arbitrary mean-value functions s(t; ap), s(t;e;). The necessary and suf-
ficient condition that the problem of testing between the two hypotheses cor-

responding to these two signals is nonsingular is

& (s, (a1) - s, (@0))?
Z k k < ® (18)

Mo

This condition follows immediately because in principle one can consider
w(t) - s(t;ap), which has mean value zero or s(t;a;) - s(t;ap) on the hypotheses
Ho and H,;, respectively. The condition (7) for all « € A implies that (1 8) is

satisfied for all pairs a¢, @; belonging to A.

One has the feeling that a properly posed mathematical model should not
permit the possibility of perfect signal detection in the presence of noise,
unless there are additional constraints that rule out this possibility in the ana-
lysis of any physical situation. Arguments that such constraints exist can be
given (See, e.g., [11] and [13]); it must be noted however that they are neces-
sarily extra-mathematical, for within the mathematical framework, singularity
is possible. It should also be noted that, except for the case of white noise,
finiteness of the signal energy Ogs not sufficient to rule out singularity, because

the signal energy is given by ), Slz< (a), the convergence of which says nothing

X sz(a)
about the convergence of ), k , since the N~ 0.
A

The following theorem [15] can be used as a departure point in arguing
against the possibility of singularity when the Gaussian noise is stationary, but

it also has other uses.

Let n(t) be a Gaussian process satisfying all the conditions previously
imposed, plus stationarity. We denote its autocorrelation function by R(t), and

require in addition that

11




o0}

i) .ﬁR(t) |dt < o

=00

ii)  the integral operators R, . defined by
T
T/2
(RTX)(t) = y R(t -u)x(u)du, -T/2=t=T/2,
-T/2

for x(u) € L, [-T/2, T/2] have zero null space for any T > 0.
By (i), the spectrum of n(t)is absolutely continuous and the spectral density is

0

T(f) = S‘ei”ﬁ R(t) dt. (19)

~00

Let {gbn(t;T)} be a complete orthonormal set of (real) eigenfunctions of RT and

)\n( T) be the corresponding eigenvalues, i.e.,
T/2
(R(t -w o (wTdt =\ (T)¢ (6T), -TRstsT2 . (20)
-T/2

Let s(t) be a real-valued function of integrable square, -o <t <o, with

Fourier transform (in the sense of Plancherel theory)

A
S(f) :iir;l \ eiwat s(t)dt . (21)
-A
and define T/2
s (T) 2 g s(t) ¢ (£:T)dt . (22)
-T/2
s (T)

Then, z X (T) is a non-decreasing function of T which converges
n

monotonically to

o0

Is(f) |2

|
S‘ v
0

12




if this integral exists, and to +o if it does not.

To prove the theorem we introduce a new set of orthonormal functions.
Let H(f) = Nw¥(f) , H(f)= 0. Then, since ¥(f) is absolutely integrable, H(f) is

of integrable square, -« <f <ow. It has therefore an inverse Fourier trans-

form A
h(t) = l.i.m. SH(ﬂe_lzﬂftdf.
A+ 0
-A
A
Then, HUD) = l.i.m. S‘h(t)e]zﬁt dt
A—+ o
-A
and
[ o)
R(t) = ge_lmftxlf(f) df
-~00
o0
= g.h(u) h(t - u) du (23)
-~

(see [14], Theorem 64). h(t) is an even, real-valued function. Now consider

the functions
T/2

A 1
Tln(t;T) = W y h(t -u)¢n(u;T)du, -0 = t= o0, (24)
-T/2

Lemma 1. The functions nn(t; T), for any fixed T, are orthonormal on the

interval (-, w0).

In fact,

oD

S‘nn(t;T) nm(t; T) dt

—%0 w Tf2 T/2

= h(t -u)¢ (u;T)d hit-u"Y¢ (u':T)du
B g oy

-T/2 -T/2

13



T/2 T/2 0

= . S §¢n(u; T)tpm(u';T) h(t - u)h(t - u")dtdudu' (25)

N (TN (T)
nl™m -T/2 -T2 -00

by the Fubini-Tonelli theorem, because h € L,{(-x, ©) and the
¢n's € L,[-T/2, T/2] and hence € L,[-T/2, T/2]. From Eq. (23), the right side
of Eq. (25) reduces to

T/2

1 4 (11'-TY ! (-
T 1T S¢n(u, T) ¢m(u ;T)R(u - u')dudu 6nm
nom -T2

Lemma 2. Let IT be the closed linear manifold of square-integrable func-

tions spanned by the nn(t;T), n=12,... . IT'<T, then ;CT' c fT.
Let fT be a square-integrable function orthogonal to IT' We show that
it is orthogonal to ;CT" We have
o0
gnn(t;T)f(t) dd=0 , n=12,... (26)
=00

Substituting for n, gives

o T/
5 S‘h(t - u) Wf(t) dudt
-0 -T2
T/2 )
= gm S‘h(t - u)f(t)dtdu =0, n=1,2,...
-T/Z -00

where the change of order of integration is justified because h and f are L,
functions, and ¢ € L,[-T/2, T/2]. The ¢n's are complete on [-T/2, T/2], hence
o0

S‘h(t -u)f(t)ydt =0 (27)
-0

a.e. on [-T/2, T/2]. A fortiori this integral is zero for a.e. t satisfying

|t| =T'/2 <T/2, so that

14



T'/2 e
§¢_HT'T_) hit - u) f(t)dtdu=0, n=12,..

-T2 -0
Hence, interchanging inte.rations as above,
[+ o]
gn“n(T;TTf(t)dt:o , n=L2 ...,
-0

. —
which proves S ch.

Now let ;Coo be the closed linear manifold in L;(-w, ©) spanned by Lﬁ_ 36,1,,
and let # be the class of functions in L,(-w, ©) whose Fourier transforms
vanish where H(f) vanishes, except possibly for a set of measure zero. One

can immediately verify that "#is a closed linear subspace of La(-w, o).

Lemma 3. gfoo = MN. If x € ¥ and
o0

x (T) = g:&(t) n (t;'i‘ydt, n=12,..., (28)
n n
-0
then ) © o
'%1—?;0 _(lz x (T) n (£T) - x(t) |2dt =0 (29)
and :O w
13
Tirzz !Xn(T)IZ = S!X(t)lzdt (30)
-0

where the convergence is monotone from below.

oV

First we show that ffoo = %, The Fourier transform Hn(f; T) of nn(t; T)

can be written

1

a I3 7 ey
VAp(T)

Hn(f;T) = H(f) @n(f;T) a.e.

where @n is the Fourier transform of . Hence Hn(f; T) vanishes wherever
H(f) vanishes. Thus d{T c ¥ for all T, and hence F{/OO — 3. Conversely,
suppose g € % and is orthogonal to i;. Then g is orthogonal to %T for all T
and hence satisfies Eq. (27). But if G(f) is the Fourier transform of g(t),

Eq. (27) implies that the Fourier transform of H(f)G(f) is zero, and hence

that H(f)G(f) = 0 a.e. This implies G(f) vanishes a.e., since g€ )\L, and hence

15




g is the zero element of L,. Thus, %c 5600 .

Now let JT be the projection operator on the subspace Q{T. The family
{JT} , as T— o0, is a monotone family of projection operators, which converges
strongly to the operator Joo, the projection on Zw, i.e.,
lim

T oo JTX = Joox

for every x € 'f,oo. Then, since wa = 7“/ Eq. (29) holds, and it in turn im-
plies Eq. (30). The convergence is monotone from below since the £ are mono-

T
tone increasing.

i
An application of Lemma 3 proves the theorem. First we note that if

X € Ioo and X(f) is the Fourier transform of x(t), then
o0

o0
Xn(T) = S‘X(t) nn(t;T)dt = S‘X(f) Hn(f;T)df
-0 -00
and 0 o0
ylx(t)lzdt = SIX(ﬂlzdf
-00 -00
Now suppose that I-Slg; € L, and is defined to be zero at all values of f for
which H(f) vanishes (at such values S(f) must necessarily vanish or the ratio
does not belong to L,). Put x(f) = %(?) . Then
[o.0]
1 [
x (T) = St) H(f) & (f;T)df
n n

_OOH(f) N p(T)

T/2
s (T)

1 S
Nearreul t; T)dt = ———
N\n(T) _T/Sz(t)sbn( ) An(T)

Then Eq. (30) becomes

16




o0 SZ(T) 0 2
lim Z LU j‘ s ® g (31)
e L N () M6

-0

Conversely, if
o0 SZ(T)
lim Z o
T~ )\n(T)
exists, one can identify in each iT an element whose Fourier coefficients
with respect to each nn(t; T) is
s (T)
n
NAn(T)

The resulting sequence of elements, say {xk}, corresponding to an arbitrary

sequence {Tk}, T, -, can be shown to converge to an element of Zoo with

k
squared norm given by the right side of Eq. (31). This is equivalent to saying
that if the integral on the right side of Eq. (31) diverges, the limit on the left

is +w, which completes the proof of the theorem.

The intuitive content of the theorem is that as the observation interval
increases, the signal-to-noise ratio increases (even with a fixed signal that
vanishes outside a finite interval) and converges to a signal-to-noise ratio
which can be expressed in terms of Fourier transforms of signal and autocor-
relation function. This limiting form has long been known to be the signal-to-

noise ratio for the detection problem with infinite observation interval [16].

The Matched Filter

Although we have one form for the test functionals, given by Eq. (6),
it is important to re-express the f{w;a) in a form more suitable for imple-
mentation, particularly for analogue implementation. We now derive the
form that permits interpretation as the matched filter, and also, for the case
of stationary noise, find an asymptotic expression for it related to the result

of the theorem in the last section.

17




Obviously, f(w;a) can also be written

T2 N

Sn( @) ¢n( t) dt
flw;a) = lim fN(w;a) = lim yW(t) z x
N-ow0 N—w0 7, n

where fN(W;a), a "'truncated test functional', is defined to be the sum on the

right side of Eq. (6) limited to the first N terms. Setting

N

s (a) o (1)
g (t;a) = Z £ 7 (32)
N )\n
gives -
fN( w;a) = S‘W(t) gN(t;ar)dt (33)
Ty

where gN(t;a) satisfies the equation

T2 N
SR(t, u) gN(u;a)du = Z sn(a)qbn(t), WSt 7, . (34)

T1

gN(t;a) thus defined is a function of integrable square on [1,, Tz], and it
appears in Eq. (33) as a weighting function against which to average w(t) to get

fN(W;a), the approximation to the test functional.

A necessary and sufficient condition that gN(t;a) converges in
Lz[-rl, T2 ] to a function g(t;oz) in La[7y, T, ] is
< s*{a)
n A
')—\'z'—— < o0 (35)
n

Furthermore, condition (35) is necessary and sufficient that there exist a

square-integrable function g(t;a) satisfying

T2
flw;a) = g w(t) gt;e)dt , (36)

T1
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and E(t;a) is such a g(t;a). In the case we are considering where R is strictly
definite, g = g is unique as an element of L,[+;, v;]. Condition (35) is also

necessary and sufficient that the integral equation

T2
S‘R(t, u) glu;e) du = s(t;a), T St=< 712 (37)

T1

have a solution g{u;a) of integrable square (again, with R strictly definite this
solution is unique), and any g satisfying Eq. (37) satisfies Eq. (36) and vice
versa. These facts about the limit behavior in L[, 2], all of which are
quite easy to prove, were given by Grenander in his basic paper [6]; the condi-
tion for a square-integrable solution to Eq. (37) is a classical theorem of

Picard.

Since the )\n — 0, any s(t;e) which satisfies (35) also satisfies the con-

dition for non-singularity (7). Now, putting

gty -t;e) =glt;e), T StsS T,

"

0, otherwise

one has from Eq. (36)

T2
flw;a) = S‘ g*(7, - t;a) w(t)dt, (38)

T1

which yields the interpretation that the test statistic f(w;a) is the output of a
timc-invariant linear filter with impulse response g*(t), which is turned on at
time T, and read at time T,. The filter thus described is the well-known

matched filter for the signal s(t;e) with added noise n(t). In building a device

to detect coherently sure signals in noise it is impossible of course to imple-
ment the infinite series of Eq. (6) as such, whereas it is possible in principal
to implement the matched filter if it exists. It is a nearly trivial comment

that if any linear filter is used as a detection device in the role of a matched
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filter, as specified in Eq. (38), it is the correct matched filter for the given

noise and some s(t) € L,[7;, 72 ]; and this s(t) satisfies (35) and (37).

In case the noise is stationary there is for large T an asymptotic form
of the matched filter (or simply, an asymptotic matched filter) whose charac-
teristics can be described entirely in terms of the signal and noise spectra--
thus obviating the necessity of solving the integral equation for g{t;a) if T is
large enough. This statement is made precise below in a theorem, Heuris-
tically, one can argue from Eq. (37) that as T - o, the Fourier transform
G(f) of g(t) ought to look like the ratio of the transforms of s(t) and R(t). This
is in fact true, as follows. We do not assume the conditions (7) and (35),

though (7) is implied by the hypotheses we do make.

Let s(t;a) be a real-valued function for each o € A which vanishes
identically for [t| > To, To a fixed positive number, and is square-integrable.
Let n(t), -o<t <ow, be a real-valued stationary Gaussian process with mean

zero. Let R(t), the autocorrelation function of n(t), have the properties that

o0}
) §|R(t)|dt <

-0

ii) the integral operator, R, with kernel R(t - u), on

1, —’12:] has zero null space for any T > 0.

Lol - 1

Suppose further that

00
1ii) § 1StGa) | df <o, 2 €A
> W2

and let g(t;a) be the inverse Fourier transform of ng;) in the sense of the

Plancherel theorem. Then for sufficiently large T the linear functional
T/2

¥T(W;a) = Sw(t) E(t;a) dt (39)

-T/2
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has a (Gaussian) distribution which is arbitrarily close, in the sense of the

Levy metric, to the distribution of fT(W;Q') for any actual signal s(i;ae). Here

we have indicated explicitly the dependence of the test functional f on the ob-

servation interval length. Further, if a@;,...,ap 2ll belong to A, for suffi-

ciently large T the test functionals ?T(w;ai), i=1,...,N, have a joint Gaus-

sian distribution which is arbitrarily close to that of fT( w;ai), i=1,..., N, fir
any actual signal s(t;ozi), i=1,...,N, if the latter joint distribution is non-
singular.

The first assertion is a special case of the second. The functionals
fNT(w;oz) are jointly Gaussian as are the functionals fT(w;a), so it is sufficient
to show (in the presence of the non-singularity hypothesis) that the means,

variances and covariances of the ?T(w;afi) approach those of the fT(w;ai).

We note again that i) implies that the spectrum of the noise process is
absolutely continuous and that the spectral density ¥(f) is the Fourier transform

of R. Also, from iii)

¢ Isttal |2
S(f;a) _
ETE df = §+
w(f)>l w(f)=1
o0 0]
< Crage 12 [S(f;e) |2
< §|S(f,a)| af + | g
vt et
< o0

s0 the non-singularity condition is satisfied for each o.

In the remainder of the proof we again indicate the dependence of the
eigenvalues and Fourier coefficients on T by writing )\n(T), sn( T;a), Wn( T).
By the theorem in the preceding section i) and ii) plus the conditions on s(t;a)

guarantee that

0
z s;(T;a) ] R IS(f;ar)‘z

)‘n(T) (0 daf as T —+ 0.
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This theorem is trivially generalized to give

o0
. Z sn(T;a)sn(T;ao) R S-'O S(f;a) S(f;ag) a
by ¥(f)
n -00

by writing
S(f;a) S(f;a0) = 2[[S(fsa) + Slfiag) |? - |S(Eia) - S(f;e,|?
+1i|S(f;a) +iS(f;a) | - 1]S(f;a) - iS(f;04]2]
and the corresponding decomposition for sn(T;a) sn( T;ay), and observing that

the individual terms thus formed satisfy the stated theorem. We then have

from Eqgs. (10) and (11) that

w — e
v S(fia) S(f;e0) -
- EafT(w,ao) SI (D as T »w
—c0

- and )
S(f;a0) S(f;ary)

df as T —-
¥(f)

covar fT(W;a'o) fT(Wial) -

=00

Since the restriction of g(t;a) belongs to L, [- > 12]
L,[- %, —’Ié—] and this fact plus the fact that Ealn(t) | is a finite constant
guarantees the existence of ?T(w;ao) with probability one, and justifies averag-

it belongs to

ing inside the integral. One has
T/2
EQ?T(w;ao) = ( Ew(t) glt;ao) dt
-f/z

o0
S.S(t;a) E(t;ozo) dt

~00

"

0 I
- - S(f;2) S(f;ao)
U 1)

t

df
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for T > 2Ty. Also,

T/2
covar ¥T(W;QO)?T(W;QI) = S. S‘R(t -u) E(t;ao) E(u;al) dt du
-T/2

o0

= 5 S‘R(t -u) ET(t;ao) ET(u;al) dt du
-0

where ET(t;a) = g(t;a): It] = %

il

0 otherwise

We let < - > denote inner product and |- || denote norm on L,(-w, ©), and * de-
note convolution, so that var ?T(w;a) = <R*§T, ET > , where we have dropped

the o. Since ”gT - g]l - 0, and the L, norm of R, ||R|,, is finite we have
| <R*g, g> - <R¥g_, g.> |
< Rl -ligl - le-gpll+ IRI:- lg-gpll - llepl =0
as T — 0.

Here we have used the fact that

IrR=gll < iIRlix - fiel

0
g(mf), Sifiae)\ | S(Eed 4
—00

Now <R¥*g, g >

T(f) (1)
o0
) y IS(f;a0)| 2
T(f)
=00

by the integrability conditions on R(t) and g(t; o). Thus fT(w;ao) and
?T(W;a'o): both of which are Gaussian for all T > 0, have means and variances
which converge to respectively the same finite limits as T+ w. A trivial

modification of the above argument shows that covar ?T( w; o) ?T( w;a;) and
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covar fT(w;ao) fT(w;al) converge to the same finite limits also.

S(f;a)
1)

function of exponential type with index < n T, then for T 2 T,, the integral
12-—’ %] by a well-known theorem of Paley

and Wiener. This condition, which is satisfied, for example, if in addition to

Remark If in addition to the hypothesis iii), the function

is an integral

equation (37) has a solution in L,[-

iii) and the vanishing of s outside [-T, T] is the reciprocal of a polynomial, is
stronger than necessary. In general as far as we know one cannot infer from
the hypothesis of this theorem that Eq. (37) does have a solution, that is, that
there is properly speaking a matched filter. The existence of the matched
filter in the L; sense is of course irrelevant in both the statement and proof

of the above theorem.

Stability

It is worth finding out whether the performance of a detector is critically
dependent upon the noise statistics and signal waveforms being exactly what
they are assumed to be. Even though a detector is optimum for a certain sig-
nal waveform in Gaussian noise with a certain autocorrelation function, if the
error probabilities rise sharply with slight changes in signal waveform or
noise structure, the detector will not be in practice very good, because the
actual signal and the actual noise are unlikely to be exactly what was assumed.
We shall refer to the property of a detector to maintain its performance under
shifting conditions as its stability* We now investigate a little the stability of
likelihood detectors using the test functionals f(w;a). To do this properly we
should allow for more or less arbitrary perturbations in the signal and in the
noise statistics, but it is difficult to account quantitatively for changes in the
distribution of the noise statisiics from the Gaussian, so we restrict ourselves
to perturbations in the noise statistics which are reflected only by changes in

the autocorrelation function, while the noise process remains Gaussian (see

*In the statistical literature, what we are here calling stability is called the
robustness of a statistical decision procedure.
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(17h.

Suppose first that the condition (35) is satisfied, that the noise auto-
correlation function is accurately known, but that there are changes in the
signal waveform. It is easy to see that small changes in the signal s(t;e) in
the mean square sense are reflected as small changes in the mean of the dis-
tribution of f(w;a), which distribution is otherwise unchanged. In fact, let
s(t;a), @ € A, be the family of nominal signals, with Fourier coefficients sk(a)
with respect to the ¢k(t). Let the actual signals be s'(t;a) with Fourier coeffi-

cients sl'{(oz). Then the received waveform is

w'(t) = s'(t;a) + n(t) (40)
and (s!{a) + n ) s, ()
. f(w'sa0) = Z kK k (41)
X
k
Sf{(ao)
f(w';ae) is gaussian for any o € A; its variance, as before, is z X , but
its mean is 8
s, (@) s, (o)
E f(w';a0) =E LS S (42)
a 1N

k

Then the difference between the nominal mean value of f(w;aq) and its actual
mean is given by
(Sl'{(af) - Sk(a’)) Sk(a’o) 2

Mo

|E f(w'ao) - E flwiao) | = ]Z
o o

T

2 2

Sk(do)

< Z —z g ls'(t;a) - s(t;e) | dt (43)
k

Tl

by the Schwarz inequality. The inequality (43) may also be written in terms

of the weighting function g(t;a), since the condition for the existence of a

matched filter is satisfied, as
B, f(w';a0) - E_f(wiao)| = [|glad)]| - [|s'(e) - s(a)] (44)

where || - || denotes the L, norm on [, 72 ].
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Thus, if [|s'(a) - s(e) || is small, the mean of the distribution of f{w;ap)
is shifted only slightly, and small changes in the error probabilities result.
For the case of simple detection, where the Hy hypothesis is the no-signal
hypothesis and the H; hypothesis is that the signal is s(t;a), the error proba-
bility e; defined in Eq. (16) is unchanged, and the error probability e, defined

in Eq. (17) is increased by the amount

5 - B4 5(E,fwia) - B f(whia)
Ae, = — ge_%uzdu (45)
N2m ’
n
B

as is readily verified. Ae; may be negative, of course.

It is interesting to note that if the condition (35) is not satisfied the de-
tector is completely unstable, in the sense that an arbitrarily small change in
s(t;e) in the mean-square sense can (not necessarily will) result in an arbi-
trarily large change in the mean value of f(w;a). To see this we note first a
theorem of Landau ([18] p. 1) to the effect that if {pk} is a given sequence of
real numbers such that Epf{ = +o0, then there exists a sequence of real num-
bers {qk} such that £ qf{ < +o0, but ¥ pqu diverges. To apply this here, sup-

2
s (a)
pose ~z C +e, choose € > 0 arbitrarily small and B > 0 arbitrarily
k

lafge.' By the Landau theorem there is a sequence {qk} such that

2

2,9, =¢

and —_— = +o00,
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Then put
o= + =1,...
S sk(a) qk , k=1, s N

sk(a), k=N+1 N+2,...

where N is chosen large enough that
N
s, (a)q
P — SES
k
N 00
Then [|s'(a) - s(e)]| = 22 a2 = T g} = ¢* while

Sk(oz)qk
)\k

z B.

N
lEaf(w‘;a) - Eaf(w;ar)l = ‘Z

Note that the condition for non-singularity need not be viblated by either the

© si (a)
nominal signal s(t;a) or the actual signal s'(t;e). In fact Z x can con-
00 s? (@) k
verge even though 2 N2 diverges, because )\k—> 0. Also,
k
N N
0 g!'2(q) X 52 (a) s, (a)q q’
R L
)\k )\k )\k )\k

will certainly converge if the first term on the right converges, that is if

s(t;a) satisfies the non-singularity condition. *

Now let us require again that (35) be satisfied and let us suppose that
the signal is exactly as specified, but the noise, though Gaussian with mean

zero, has autocorrelation function

*] am indebted to Professor T. Kailath for pointing out to me that the stability
discussion does not make much sense unless both the nominal and actual sig-

nals (or statistics) are required to satisfy the non-singularity condition.
This point is overlooked in [17], where there is some ambiguity in the dis-
cussion of the unstable case for Gaussian noise.
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R'(t, u) = R(t,u) + A(t, v (46)

where R(t, u) is the nominal autocorrelation function, as used in defining
f(w;a). It is reasonable to require that R'(t, u) as well as R(t, u) be bounded,
hence the Lz [ty, v2] X [71, 72] norm of A, to be denoted by JA[, is neces-

sarily finite,
Tz T2

jal® - f glA(t,u) > dtdu < co.

1T T

In general we let primed quantities refer to actual statistics, unprimed
quantities refer to nominal statistics. The test functionals

s, (alw
ttwse) = ) KK

k

are unchanged; \ , gbk(t) and the Fourier coefficients refer to the nominal

k
autocorrelation R(t, s). For convenience we again consider the case of simple
detection; the hypothesis Hy is the no-signal hypothesis, the hypothesis H,; is

that a signal s(t) is present (we drop the unneeded parameter o). Then,

putting ) 5, W,
flw) = —T—'— > (47)
k
Eo f(w) = Eof(w) = 0
Sk
E; flw) = Ef(w) = Z{—
k
T2
Now, however, letting n = yn(t) ¢k(t) dt,
T1
T2 T2
E'nknj = E' 5 S‘n(t) n(u) ¢k(t) ¢j(u) dt du
1 T
T2 T2
= S g[R(t, u) + A(t, u)] ¢k(t) ¢k(u) dtdu
T T
T By T ARG 0)
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where (-, *) is the inner product for L; [T, 72] and A is the integral operator

with kernel A(t,u). Thus,

S, W S.W.
var'f(w) =E62 k k Z J_J
A .
k j
_ z SijEnknj
AN,
kj <3
S2 S, S.
=Z_k +Z——J (Ag, . ¢) (48)
N Y k7
k,j
Put sksj
k, j J
Then sf{ s?
aPs ) K LT (ag, )P
K, j U
or
2
S
lal < ) £ . ]a] (50)
< )\12{ . '

Thus the distribution of f(w) is unchanged except for its variance, under either
hypothesis, and the change in the variance is bounded by the right side of (50).
Actually, a sharper estimate is possible, for []A[[ may be replaced by the
operator norm of A, as is easily seen. '

2
i—%{‘ = +o0, complete instability may exist,
this time in the sense that an arbitrarily small change in R(t, u) in the mean-

Again we can show that if L

square sense can result in an arbitrarily large change in the variance of f(w).
Let € > 0 be chosen arbitrarily small and B> 0 be chosen arbitrarily large.

Suppose a sequence of real numbers {ck} is chosen so that
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o0
3ot =
and
c, s
R
k
N .5k
Choose N such that |2 )\ | > B, and define an operator A by
k
A K] . = O ] 3 ) = > 3
(¢k ¢J) €S k,j=1 N
=0 , korj=N+1, N+2,...
Then
< 2 N ..
= <
2 |(Ag, ¢j)| ij S

K, j

so A is a Hilbert-Schmidt operator (see [19]). It is symmetric, since for

x’y€ LZ[TI’ TZ]

(Ax,y) = (A 2ix, 9. 2u3;9)

N N
= X V. (A¢ ,0) = X y.c C.
%j Ky B0 EJ_ K5k
= (x, Ay) (51)

where the X, and Yy are Fourier coefficients of x and y with respect to ¢k. A

is also positive definite, as is shown by putting y = x in Eq. (51), whence
- 2
(Ax, x) = lz,xkck‘ > 0.

Thus A is a symmetric, positive definite integral operator on L, [+1, 72] with

kernel
N

Alt,u) = ), c,C. p (1) p.(0) . (52)
P !

A(t, u) is furthermore continuous, since the ¢k(t) are continuous. We have then
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that
R'(t, u) = R(t, u) + A(t, u)

is a continuous autocorrelation function such that

HR'-RﬂSe

NSkC
|A|=|Z 3

k
k

but such that

2
> R’

The spectral decomposition of the operator R' is different from that of R,

but onlyin the first N eigenvalues and eigenfunctions. Hence, if

2
) %
T <o
k
then the corresponding series based on the eigenvalues and eigenfunctions
of R' is also finite, because the tails of the two series are the same. Thus
it is possible in principle to have an unstable detector even though the con-

dition for non-singularity is satisfied both for the nominal and actual noise

autocorrelation.

It must be admitted that the exact condition (35) separating stable
and unstable operation is in a sense artificial, because it depends on the
choice of mean-square difference as a measure of the perturbations of
signal and noise autocorrelation (see [17]). It is, of course, exactly the
same condition as that permitting the integral form for the test functional
ilter). The fact thai the two conditions agree is curious and
intere- o % i' depends on treating the whole problem consistently in the

context of L, spaces.

The M-symbol Likelihood Detector

The multiple hypothesis test problem of choosing one of M possible

signals in Gaussian noise is rather special from a statistical point of view,
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but surprisingly general from a communications and measurement theory
point of view. This is because in practical problems the dependence of

s(t;e) on « is usually continuous when o is a continuous scalar or vector para-
meter, and it is often not only permissible but desirable to make a discrete
approximation to it, that is to quantize the parameters. A familiar example
is the measurement of doppler shift by a radar by using a parallel bank of

band-pass filters.

So let us now consider this multiple hypothesis test problem from the
point of view already advanced. To start with, consider a test based only on
the cbservables wy, ..., wy. We have o =1, 2, ..., M with each s(t;a) a known

signal, and let us adjoin o = 0 as the zero-signal hypothesis. Suppose a priori

probabilities are assigned so that « = k has probability T k=1...,M. A
likelihood test to determine o is as follows: compute Tl'ap(Wl, ce ,wN;a) for
a =1,..., M and choose that hypothesis o = k for which the resulting value is

largest. This test has the property that it yields the maximum probability of
making a correct decision (among tests using only w,, ..., WN), as may be
readily verified. Now the test is not changed if, instead of choosing the

largest from among Tl'ap(Wl, .o Wysa), a =1,..., M, one chooses the largest

N
from among

p{wy, ..., wN;a) :f wksk(a) . i sf{(a)

log m, p(wy, ...,WN;O) T2 N

+logm .
2
)\k Kk a

It is still true in the limit as N — o that this test yields the maximum proba-

bility of making a correct decision if condition (7) is satisfied [20].

The detector prescribed by this test consists then of M devices in
parallel which compute f(w;a) - Cp @~ 1, ..., M, where each c, is a pre-

determined constant, and a comparator to choose the largest (in the arith-

metic sense, not in absclute value). Let us assume
Szk(a)
E 2 <w , a=1...,M,
k
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which implies the condition (7). The detector is then non-singular and stable,
and can consist essentially of a bank of M matched filters. If the noise is sta-
tionary, the asymptotic forms for the matched filters are applicable. The M
outputs are jointly Gaussian, so error probabilities may be calculated directly.
For example, the conditional probability of making a correct decision given

that the true value of @« is 1 is

P, {f(w;l) - ¢y >f(w;2) - ¢z, ..., flw;l) -c; > f(w; M) - cM}-

Put £, = fwl) - flwik) -y + e
Then T2
m, £ E €, = ‘YS(t;l)[g(t;l) - gltsk]dt - ey + Cp (53)
T1
and A
opj — Eilgy - m)(E, - my
T2
= gs(t;l) g(t:1) dt
Ti
T2 T2
- S\s(t;k) g(t;1) dt - S s(t;j) g(t;1) dt
T ™1
T2
+ gs(t;k) g(t;j) dt . (54)
T1

The probability of a correct decision is

r. _ Py - 3 . ~ b = -~ e Pl ~— ~ —~—
P1i€2> 0, 3> 0, ..., §M> ur =t’l{gz -mp ~ -1112,...,5M"111M/ “LLLM}
o0 o0
_ L g ge 135y xx ldxp- - -dx (55)
M-1 o) SXPLT R L YRR R M
-m _mz

2 213
(2w) e M
where the matrix T = [yij] is the inverse to the covariance matrix [U;j] and

o?| is the determinant of the covariance matrix.
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2
sf (a)
If one has all the 2,

equal, as is often approximately true, and
the T, all equal, then an optimum test results with the ca all equal, and they
may be cancelled out. The detector then has the property of being optimum
for arbitrary signal-to-noise ratio, which otherwise would have to enter as a

parameter, either with or without an a priori distribution (see [1), Chap. 14).

Stochastic Signals

We suppose now that the signal term in Eq. (1) is random and Gaussian.
In particular let

w(t) = s{t;e) +n(t), «a =1, 2,....,M; 71 =t= 1, (56)

where s(t) is for each a (i.e., each possible signal) a sample function from a
real-valued Gaussian process, each with continuous autocorrelation function,

and each independent of n(t). Let
A
a(t;a) = Eas(t;af) (57)

and A

z{t;a) =alt;a) - s(tja), «a = 1,2, ..., M . (58)
That is, a(t;e) is the sure-signal component of the total received signal, and
z(i;@) is the purely random part. Denote the correlation functions of the

z(t;a) by

A
(@ g £ E_z(tia) z(ue) (59)
and of the noise by
R{t, u) = En(t) n(u) (60)

To start with, consider a finite set of observation times, {tk},
t; St <ig <. <’tk < 1,, from the observation interval [r;, 2] and let
n, z(a), a(a), w be the column vectors with entries n(tk), z(tk;oz), y(tk;a), w(tk)

respectively; e. g.,
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z(ty;a)

(a) _
Z

z( tl;; a)

The covariance matrices of the various random vectors, all of which we assume
to be non-singular, are denoted by the same letter as the corresponding corre-

lation function, e.g.,

3

p(@ 2 plady ;)18 g (@ (@T
ik a

where we use the notation AT for the transpose of the matrix A. Then the proba-
bility density function for the observed vector w on the hypothesis o is the
K-variate Gaussian density function

(), T (a)

o' amyiw-al?] (e

p(wla) = exp[——;(w—a

=

) 1
(27) 2 Ir(a) +R|?

where the symbol IAI has been used to denote the determinant of the matrix A.
A likelihood test for determining which signal @, @ =1, ..., M, was sent is then
to compare the values taken on by p(w|e) for the waveform actually received,
and choose that o which gives the largest value. The p(w|e) may each be given
pre-assigned weightings if desired; this amounts of course to comparing the

a posteriori probabilities of the transmitted signals indexed by o given w, where
the weightings are proportional to the a priori probabilities of these symbols.

In any event for the usual decision procedures, the essential part of the data
processing is to determine the p(wl|e), or quantities related to them which have
the same ordering as the p(w|a) for each w. It is convenient to take the loga-
rithms of the p(wla); then the determinants enter only as additive constants and
the active partof the data processer consists of M channels, each of which com-
putes one cof the M quadratic forms,

()

(w-—va(a))T(I‘(a) +R) (w-2a'") . (62)
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In a sense, then, the problem of constructing a good receiver is solved
in this simple fashion. Indeed, in case the problem is non-singular a sufficiently
fine net of sample points t_ yields an approximation to the "best'' answer in the
sense that it gurarantees the ratio of any two of the p(w |a) will be arbitrarily
close, with probability one, to the Radon-Nikodym derivative of the correspond-
ing probability measures. The situation is not entirely satisfactory, however,
because the limit theory is complicated. It is difficult to ''diagonalize' the
problem as was done for sure signals in Gaussian noise. We shall only make
reference to some of the literature ([7], [9], [10], [11], [12], [21], [22], [23], [24], [25],

[26], [27]) and not discuss the limit theory here for the general case.

There is one very useful idealized special case in which most of the
mathematical difficulties do not appear, however; it is the problem of detecting
a stochastic signal in white noise. Here one can represent the stochastic signal
by its Karhunen-Loeve expansion and, formally at least, also represent the noise
as a random Fourier expansion with uncorrelated coefficients in terms of the
same orthogonal functions. If the noise is not white over the infinite band this
is an approximation. This situation is, in fact, a formal particular case of that
in which the covariance functions of the signal and noise determine integral
operators as in Eq. (3) which commute. We now look at the detection of sto-
chastic signals in noise under this special assumption of commutativity. In
Eq. (56) let « = 0 or 1, and let s(t;0) be identically zero and s(t;1) be a Gaussian

process with mean zero and continuous autocorrelation function

T(t,u) = Es(t;1) s(u;l) . (63)

Let n(t) be Gaussian noise with mean zero and continuous autocorrelation func-
tion

R(t, u) = En(t) n(t)
We suppose, in accordance with the above assumption, that the operators R and
T" defined as in Eq. (3) with the autocorrelation functions as kernels satisfy
RT = T'R, and that each is strictly definite. Then there is a complete ortho-

normal set {¢k} which is a set of eigenfunctions for each operator and
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T " M
R = ey
As before, take T2
W, =§ wit) ¢, (1) dt
T1

Then the log likelihood ratio, formed using the statistics w;, ..., w.,, for the

N’
hypothesis ''signal plus noise present' against the hypothesis ''noise alone' is

N
p(wl: PRPRPN ;1) )\ )\

N = .1 Z ( _IE>_ k 2
p{wy,..., WN;O) 2 {10g 1+ “k 'Jk()\k +“’k) Wk} (64)

Now the condition

log

OO)\Z

Z P—i{—<co (65)

is necessary and sufficient that the detection problem be non-singular (see [11]),
in the same sense as the term was used in the preceding section; and if (65) is
satisfied the expression for the log likelihood ratio given by Eq. (64) converges
with probability one on either hypothesis as N - . We shall, however, assume

satisfied the more stringent condition,

0
A
e

which has been called by Hajek the condition for strong equivalence of the
signal-plus-noise and noise probability measures [27]. If (66) holds one can
write for the limit log likelihood ratio

¢ o}

0 X X\
log £(w) :—%Z 1og(1+;k1i)+—éz mwi (67)

The first series in Eq. (67) converges, and the second series converges both in
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mean-square and with probability one on either hypothesis, as will follow from
comments immediately below. Since the first series does not depend on w, the
statistical inference is determined entirely by the second series. We can thus
define a test functional, or test statistic

0

A
A k 2
a(w) = § ———————()\k o7 "k (68)

for use in maximum-likelihood procedures. Since the random variables w, are

k
mutually independent under either hypothesis, the lec are also. The means and
variances of q(t) are readily calculated to be:

o0
Eoq(w) = Z
Me “k
\
k
Ejyq(w) = Z —
Mk
0 2
vareq(w) = 2 z )\k
0 = T z
(e iy
0 )\2
k
var,g(w) = 2 Z — (69)
Pk

All four infinite series converge if condition (66) is satisfied.

A maximum-likelihood test to determine whether signal is present in the
received waveform or not consists in comparing q(w) with a predetermined
threshhold and answering in the affirmative if q(w) exceeds the threshhold. The
probabilities of detection and false detection (false alarm) are governed then by
the probability distribution of g(w) and the value of the threshhold. The deter-
mination of the distribution of q(w) is complicated and in general the answer does
not come in very neat form. We shall not attempt to discuss it here. The prob-
lem is a classical one since the distribution of a quadratic form in Gaussian

variates has been of interest for a long time for various reasons ([28],[29], [30]).
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Under certain conditions the quadratic functional q(w) can be written as

an integral
T2 T2

q(w) =§1 S‘ Q(t, s) w(t) w(s) dtds (70)

1 T

In fact, formally, if one puts

2\, ¢ (Do (s)

kP Py

QAt, s) = Z*————-— (71)
e )

then the right side of Eq. (70) reduces to the series in Eq. (68), and Q satisfies
the integral equation

T2 T2

g S‘R(s, s"R(t, t") + I(t, tY ] Qt', s)dt'ds' =T(t,8), <t s, <7, (72)

T1 T3

as may be verified immediately. The integral equation actually does have the
solution Q(t, s) in the space of functions of integrable square on

[t1, 2] % [11, T2]if

2
Oy Fd®
It follows fairly easily that the convergence of the series in (73) implies strong

equivalence, i.e., the condition {(66). The converse is not true.

It is interesting to note that the conditions (65) and (73) play correspond-
ing roles respectively for this stochastic-signal-in-noise case as (7) and (35) do
for the sure-signal-in-noise case. Condition (66), strong equivalence, also
implies a kind of stability cf the functional g(f) with respect to the underlying

probability measures in the commutative case being discussed [17 ]*.

The relationships just stated precisely can be formally extended to cover

the case of white noise; this gives the usual so-called optimum detector for

*The reference cited does not discuss the special commutative case explicitly.
The condition given there reduces to ( ) in this case.
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detecting Gaussian signals in white Gaussian noise. One has,

R(t, u) = Nob(t - u)

and
R¢k = NO ¢k
0
so that ) - 1— Z )\k , (14
q(w No ————Xk T Ny Wk . )

The first and second moments of q{w) are
0
A
Eoqtw) = ) ——K
N, + Np
k
o0
E.q(w) = 1 E by
19 No Kk
o0 A2
varoq{w) = Zz _k
(N, + Ng)?

o0
2
variq(w) = = z xlz( (75)

all of which converge since

T2

X

2. N = fmt, t) dt
T

must converge. It follows that the series in Eq. (74) for g(w) converges in
mean-square and with probability one on either hypothesis, so the test functional
q(w) is meaningful. Furthermore, the integral equation for Q(t, s), Eq. (72),
reduces to T2

Noj‘r(t,t')Q(t', s)dt' = I'(t, s) - N; Qlt, 8)

T1
which has the solution

A
Ly ko
q(w) is again given by the integral quadratic form of Eq. (71).
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In the special case just considered, the commutativity of the operators
R and T allows the Karhunen-Loeve expansion of either one to reduce the prob-
lem to diagonal form. In the general case, a ''diagonal form'' can be found, but
it is much harder to come by. The analysis here does parallel one way of

handling the general case, however, (see [ D.
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APPENDIX

Throughout we have made the assumption that the operator R on L,[a, b],

a and b finite, defined by
b

[Rx](t) = yR(t, wx(uydu, a<t<b (Al
a

where R(t, u) is an autocorrelation function, is strictly positive definite, i.e.,
that

(Rx,x) >0 (A2)
for any non-zero x € L;[a, b] . Since R is a completely continuous, self-adjoint
operator, (A2) implies that it has a complete orthonormal set of eigenfunctions

whose corresponding eigenvalues are real and strictly positive.

In some places this assumption is merely a convenience, however for the
asymptotic results for stationary noise and long observation times it is essential.
We shall therefore prove a sufficient condition that seems adequate to take care

of most cases.

Let R(t), - <t <ow,be a continuous autocorrelation function (i.e., a con-
tinuous, hermitian symmetric, non-negative definite function). Let x(t) be of
integrable square on [a, b} and

b
S\lx(t) Pat> o0 .

a

Extend x(t) for all t, -o <t < o, by taking it to be indentically zero outside
[a, b]. Then

bb
(Rx, x) = 5 5R(t - u) x{u) x(t) du dt
a a
o0

o0
_ §§ R(t - u) x(u) (D dudt
-0

~o0
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By Bochner's theorem,

0 O oo

(Rx, x) =§ g yeiz“f(t'u) AG(f) x(u) x(t)du dt (A3)

—-00 —00 -00

where G(f) is a bounded monotone non-decreasing function. Since x(t) is zero

outside a finite interval, the integral in (A3) is absolutely convergent, so we may

write
o0 [+ ) o0 )
(Rx, x) = gdg(ﬂ S‘ eIZTrftx(t) dt S. e-lzwfux(u) du
-00 =00 -00
o0
g flxm [ aG(f) (A4)
-0

where X(f) is the Fourier transform of x(t). The function X(f) is analytic, not
identically zero, and cannot vanish on any set of points converging to a finite
limit. Hence if the points of increase of G(f) contain a convergent set,

(Rx,x) > 0 by (A4). This is a very weak condition; for example, it is sufficient
that G have any continuous part at all. A fortiori it is sufficient that G have a

non-zero density function.
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